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We present a general framework for accurate spectral modeling of the low multipoles of the cosmic
microwave background (CMB) as observed in a boosted frame. In particular, we demonstrate how
spectral measurements of the low multipoles can be used to separate the motion-induced dipole
of the CMB from a possible intrinsic dipole component. In a moving frame, the leakage of an
intrinsic dipole moment into the CMB monopole and quadrupole induces spectral distortions with
distinct frequency functions that respectively peak at 337 GHz and 276 GHz. The leakage into the
quadrupole moment also induces a geometrical distortion to the spatial morphology of this mode.
The combination of these effects can be used to lift the degeneracy between the motion-induced
dipole and any intrinsic dipole that the CMB might possess. Assuming the current peculiar velocity
measurements, the leakage of an intrinsic dipole with an amplitude of ∆T = 30µK into the monopole
and quadrupole moments will be detectable by a PIXIE–like experiment at ∼ 40 nK (2.5σ) and
∼ 130 nK (11σ) level at their respective peak frequencies.
Introduction. The measurements of the COBE/FIRAS
instrument show that the intensity of the Cosmic Mi-
crowave Background (CMB) has an almost perfect black-
body spectrum [1]. Even though in a frame moving with
respect to the CMB the observed intensity is effectively a
blackbody in every direction, the intensity harmonic mul-
tipoles in this frame generally contain frequency spectral
distortions. These distortions are a result of the leak-
age of the nearby multipoles into each other due to the
aberration and Doppler effects [2–6]. The most promi-
nent motion-induced leakage component is that of the
monopole into the dipole (i.e. kinematic dipole). The
kinematic dipole has a frequency dependence identical to
a differential blackbody spectrum which makes it degen-
erate with any intrinsic (or non-kinematic) dipole that
the CMB might possess. Current modeling of the CMB
dipole only includes the leakage of the monopole, but
ignores any intrinsic dipole component as well as other
kinematic corrections to this mode (e.g. the leakage of
the quadrupole). Here we present an accurate description
of the frequency spectrum of the low multipoles of CMB
and show how the kinematic (motion-induced) correc-
tions to these modes can be used by the next generation
of CMB surveys to lift the dipole degeneracy.
A kinematic dipole is not the only observational con-
sequence of our motion with respect to the CMB. The
motion-induced leakage of the intensity multipoles into
each other causes a boost coupling between the nearby
multipoles. Measuring this boost coupling in a wide
range of harmonic modes can actually lead to an inde-
pendent measure of the peculiar velocity of an observer
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with respect to the CMB [7–10]. In the CMB rest frame,
all motion-induced effects (including the kinematic dipole
and the boost coupling) vanish; however, there is no com-
pelling reason for us to believe that the intrinsic dipole
moment of the CMB in this frame is precisely zero.
It has been shown that in a flat ΛCDM universe with
adiabatic initial perturbations, the intrinsic dipole of the
CMB is strongly suppressed [11, 12]. For this reason,
the intrinsic dipole of the CMB is usually either ignored
or set to zero, and the observed dipole of the CMB is
interpreted entirely as a kinematic effect. This results
in a peculiar velocity of β ≡ v/c = 0.00123 in the di-
rection βˆ = (264◦, 48◦) in galactic coordinates [13]. If
the observed dipole moment only has a kinematic ori-
gin, it can be used to define a natural rest frame for
CMB (namely, the frame in which the whole dipole van-
ishes). However, unintended subtraction of an existent
non-kinematic dipole in this process will result in ob-
taining an incorrect CMB rest frame. This can in turn
lead to unexpected anomalies, such as the observed power
and parity asymmetries in the CMB [14, 15] and the mis-
match between the CMB rest frame and the matter rest
frame [16–19]. Studying the angular variance of the Hub-
ble parameter over different redshifts (in the CMB dipole-
inferred frame) also indicates the presence of a non-
kinematic dipole component in the CMB [20, 21]. Fur-
thermore, since isocurvature initial perturbations, and
multi-field inflationary scenarios typically invoke a non-
negligible intrinsic dipole moment, a detection of this
component could have important implications for pre-
recombination physics [22–26].
Recently the Planck team has obtained an independent
value for the peculiar velocity of the solar system using
the boost coupling of the CMB multipoles. Their result
β = 0.00128±0.00026(stat.)±0.00038(syst.) [7] is consis-
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2tent with the kinematic interpretation of the dipole and
shows that most of the dipole that we observe is induced
by our peculiar motion. However, the error bars still al-
low for a non-kinematic dipole component that remains
to be measured.
In this letter we show how the kinematic and non-
kinematic dipoles can be separated by measuring the
motion-induced spectral distortions in the observed low
multipoles of the CMB in our local frame. Future mi-
crowave surveys, such as PIXIE with a sensitivity of
5 Jy/sr, will be able to measure these effects with high
precision.
Lorentz boosting the CMB. We define the rest frame of
the CMB as the frame in which its kinematic dipole (the
leakage of the monopole into the dipole) vanishes.1 We
still allow the CMB to have a non-kinematic dipole in this
frame. Then we argue that the full frequency spectrum of
the low intensity multipoles in the boosted frame can be
exploited to separate the intrinsic dipole from the kine-
matic part induced by a boost. We assume that the CMB
frequency spectrum in its rest frame can be described as
a pure blackbody by neglecting any pre-recombination
and secondary µ- and y-distortions (see Fig. 12 in [27],
also [28]). In this frame, we expand the intensity and
the thermodynamic temperature in spherical harmonic
multipoles as
Iνcmb(γˆcmb) =
∞∑
`=0
∑`
m
aIcmb`m (νcmb) Y`m(γˆcmb) (1)
and
T (γˆcmb) =
∞∑
`=0
∑`
m
aTcmb`m Y`m(γˆcmb), (2)
where the sum notation
∑`
m is shorthand for
∑`
m=−`
. The
frequency dependence of the intensity harmonic coeffi-
cients for a blackbody—with an average temperature
T0—can be expanded to first order in thermodynamic
temperature harmonics as
aIcmb00 (ν) = B˜ν(T0) a
Tcmb
00 , (3a)
aIcmb`m (ν) = F˜ν(T0) a
Tcmb
`m (` > 0), (3b)
where B˜ν(T0) ≡ T−10 Bν(T0), Bν(T ) ≡ 2hν
3
c2
1
ehν/kT−1 is
the blackbody spectrum and F˜ν(T0) ≡ B˜ν(T0)f(x) is the
differential blackbody spectrum with f(x) ≡ xexex−1 and
x = hν/kT0.
1 Indeed, in this frame all the other kinematic effects including
the boost coupling and the ones that we are about to discuss
will vanish as well.
In order to find the observed multipoles in the boosted
frame we use the Lorentz invariance of Iν/ν
3 to write the
observed incoming intensity along the line-of-sight unit
vector γˆ at frequency ν as
Iν(γˆ) =
( ν
νcmb
)3
Iνcmb(γˆcmb), (4)
where
νcmb =
( 1− βµ√
1− β2
)
ν (5)
and
γˆcmb =
( (1−√1− β2)µ− β
1− βµ
)
βˆ +
(√1− β2
1− βµ
)
γˆ (6)
are the frequency and line-of-sight unit vector in the
CMB rest frame and µ = γˆ · βˆ. Equations (5) and (6) re-
spectively represent the Doppler and aberration effects.
Expanding both sides of Eq. (A.2) in harmonic space
allows us to find the observed multipoles in the moving
frame as
aI`′m′(ν) =
∞∑
`=0
∑`
m
∫ ( ν
νcmb
)3
aIcmb`m (νcmb)Y`m(γˆcmb)Y
∗
`′m′(γˆ)d
2γˆ.
(7)
Substituting Eqs. (5) and (6) into (7) will respectively
result in the Doppler and aberration leakage of the nearby
multipoles into each other. To n-th order in β, the ob-
served multipoles aI`′m′(ν) will have a contribution from
aIcmb`′±n,m′(ν) of the rest frame. This integral has been com-
puted analytically in Ref.[2]. We do not repeat the cal-
culations here and only use the results hereafter. We also
acquire the same notation for the frequency functions.
The boosted dipole. First, we calculate the observed
dipole in the moving frame to illustrate the dipole de-
generacy problem. By setting `′ = 1 in Eq. (7) we find
(Eq. B.37 in Ref. [2])
aI1m′(ν) =
Intrinsic dipole︷ ︸︸ ︷
F˜ν(T0)a
Tcmb
1m′ +
Kinematic dipole︷ ︸︸ ︷
β
2
√
pi
3
Y ∗1m′(βˆ)F˜ν(T0)a
Tcmb
00
+ β
2,1∑
m,n
1
0G2m1m′(βˆ)F˜ (11)ν (T0)aTcmb2m
+ β
2,1∑
m,n
0
1G2m1m′(βˆ)F˜ν(T0)aTcmb2m
+O(β2),
(8)
3��-�× �� (�=������)
��-�× �������� → ������
��-�× �=��μ� [� ·β=�]
��-�× �=��μ� [� ·β=-�]
���������� → ������
����� �����������
� ��� ��� ��� ��� ����
-��
�
��
��
ν [���]
δ� ν(�) (�
��∘ ��
�∘ )[��
/��]
FIG. 1. The CMB dipole constituents observed in a moving
frame with β = 0.00128 and βˆ = (264◦, 48◦). The intrinsic
dipoles d30 and d60 have identical frequency functions as the
kinematic dipole. The average T=2.725 blackbody spectrum
(solid black) is depicted in all plots for reference.
where F˜
(11)
ν (T ) = F˜ν(T )(g(x) − 1) with
g(x) ≡ x coth(x/2), while 10G2m1m′(βˆ) and 01G2m1m′(βˆ)
are numerical factors of order ∼ 1.
The first term in Eq. (8) is the intrinsic dipole of the
CMB with the differential blackbody spectrum F˜ν(T0).
The second term is what is normally identified as the
kinematic dipole, which is a result of the Doppler leak-
age of the monopole into the observed dipole moment.
Notice that the frequency dependence of this terms is
identical to the intrinsic dipole which makes the two com-
ponents degenerate. The third and the fourth terms are
respectively the Doppler and aberration leakages of the
quadrupole into the dipole. These terms have never been
considered in the analysis of the CMB dipole.
In order to build some intuition, instead of working
with the aTcmb1,m coefficients, we parametrize the three de-
grees of freedom for the intrinsic dipole in terms of an
amplitude and two angles via the definition
aTcmb1,m ≡
4pi
3
dY ∗1,m(θd, φd). (9)
We define the dipole vector ~d = ddˆ where d and dˆ ≡
(θd, φd) are the amplitude and direction of the maximum
of the dipole on the sky.
With this new definition, we set out to study the ob-
servable effects of an intrinsic dipole of order ∼ 10−5 on
the local dipole, monopole and quadrupole of the CMB.
In order to gauge the expected magnitude of the effect
we will consider two different dipoles with the amplitudes
d = 30µK and d = 60µK (motivated by Ref. [11] Eqs.
31-33). We will refer to these dipoles respectively as d30
and d60.
The observed dipole intensity in the direction (θ, φ)
is defined as δI
(1)
ν (θ, φ) ≡ ∑1m′ aI1m′(ν)Y1m′(θ, φ). Fig.
1 shows the contribution of each term in Eq. (8) to
δI
(1)
ν (θβ , φβ) at different frequencies. Unless the intrinsic
dipole is much larger than the one we chose, the domi-
nant term in this equation is the leakage of the monopole
into the dipole (kinematic dipole) with the thermody-
namic temperature δT (1) ≡ δI(1)ν /F˜ν(T0) = 3.35 mK.
The next order contribution is due to the intrinsic dipole
with the same frequency function as that of the kine-
matic dipole. The leakage of the quadrupole into the
dipole is a motion-induced effect which does not depend
on the intrinsic dipole at all. Since this term has a dif-
ferent frequency dependence, technically it could be used
as an independent measure of β. However, the peak am-
plitude of this component—assuming the observed value
of the quadrupole as input—is lower than the sensitiv-
ity of PIXIE, and therefore it is not likely to be useful
for lifting the dipole degeneracy. Nevertheless, this ex-
tra leakage component should be taken into account for a
precise analysis of the observed dipole in the future CMB
surveys.
Now we show how the dipole degeneracy can be re-
moved by looking at the motion induced spectral distor-
tions in the dipole’s neighbors: the monopole (`′ = 0)
and the quadrupole (`′ = 2).
The boosted monopole. Using Eq. (7), it is easy to find
the monopole of the CMB in a boosted frame (Eq. B.36
in Ref. [2])
aI00(ν) =B˜ν(T0)a
Tcmb
00 + β
2B˜(20)ν (T0)a
Tcmb
00
+β
∑1
m
2
√
pi
3
Y1m(βˆ)F˜
(11)
ν (T0)a
Tcmb
1m
−β
∑1
m
4
√
pi
3
Y1m(βˆ)F˜ν(T0)a
Tcmb
1m +O(β
2),
(10)
with B˜
(20)
ν (T0) =
1
6 F˜ν(T )(g(x)−3). Here the first term is
the well known T = 2.725 blackbody spectrum, the sec-
ond term is the second order Doppler correction to the
monopole, and the third and fourth terms are respec-
tively the Doppler and aberration leakages of the dipole
into the monopole.
The observed monopole intensity I
(0)
ν (θ, φ) =
aI00(ν)Y00(θ, φ) = a
I
00(ν)/2
√
pi is plotted in Fig. 2 for dif-
ferent amplitudes and orientations of the intrinsic dipole.
Using Eq. (9), we can rewrite Eq. (10) as
δI(0)ν = B˜ν(T0)T0 + βB˜
(20)
ν (T0)[βT0 + 2d(dˆ · βˆ)]. (11)
Since the frequency dependence of the intrinsic monopole
T0 is different from the motion induced terms, it can be
fit and measured separately. Since the motion-induced
spectral distortions depend the combination of the kine-
matic dipole (βT0) and the projection of the intrinsic
dipole along the direction of motion (d(dˆ · βˆ)), it might
seem like these two components still remain degenerate.
However, combining this with the observed dipole in βˆ
direction (with the quadrupole leakage term dropped, as-
4��-�× �� (�=������)
���� × �������� β� ����������
�=��μ� [� ·β=-�] →��������
�=��μ� [� ·β=�] →��������
�=��μ� [� ·β=�] →��������
�=��μ� [� ·β= �� ] →��������
����� �����������
� ��� ��� ��� ��� ����
-��
�
��
��
��
ν [���]
� ν(�) [��
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FIG. 2. The motion induced spectral distortions of the ob-
served CMB monopole.
suming it’s negligible)
δI(1)ν (βˆ) = F˜ν(T0)[βT0 + d(dˆ · βˆ)], (12)
reveals that the monopole spectral distortion adds an in-
dependent equation that allows one to separate βT0 and
d(dˆ · βˆ).
Since the leakage of the dipole into the monopole only
depends on the projection of ~d along ~β (see Fig. 2),
only by looking at the monopole alone one cannot find
all three components of ~d; there remains an azimuthal
degeneracy between the two vectors. Now we show that
the leakage of the intrinsic dipole into the quadrupole can
be exploited to find both the amplitude and direction of
~d.
The boosted quadrupole. In a boosted frame the intrin-
sic dipole also leaks into the observed quadrupole (Eq.
B.38 in Ref. [2])
aI2m′(ν) =F˜ν(T0)a
Tcmb
2m′ +
+β2
2
√
pi
5
Y ∗2m′(βˆ)B˜
(22)
ν (T0)a
Tcmb
00
+β
∑1,1
m,n
1
0G1m2m′(βˆ)F˜ (11)ν (T0)aTcmb1m
+β
∑1,1
m,n
0
1G1m2m′(βˆ)F˜ν(T0)aTcmb1m
+β
∑3,1
m,n
1
0G3m2m′(βˆ)F˜ (11)ν (T0)aTcmb3m
+β
∑3,2
m,n
0
1G3m2m′(βˆ)F˜ν(T0)aTcmb3m +O(β2),
(13)
where B˜
(22)
ν ≡ 13 F˜ν(T )g(x). The largest term here is
the intrinsic quadrupole, followed by the leakage of the
monopole into the quadrupole (the second term). The
third and fourth terms represent the Doppler and aberra-
��-�× �� (�=������)
���� × �������� → ����������
���� × ����������
�=��μ� [� ·β=-�] → ����������
�=��μ� [� ·β=�] → ����������
�=��μ� [� ·β= �� ] → ����������
����� �����������
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�
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FIG. 3. The motion induced spectral distortions of the ob-
served CMB quadrupole. Since the leakage of the octupole
has a different frequency function compared to the other com-
ponents, we have assumed that this term can be identified and
subtracted and therefore is not shown here. In this specific di-
rection in the sky, the leakage of the d30 is not distinguishable
from a d60 with the same projection along βˆ (short dashed
blue). However, the amplitude of these two leakage compo-
nents are different at other lines of sight (see figure 4).
tion leakage of the intrinsic dipole into the quadrupole2.
Fig. 3 shows the contribution of different terms in Eq.
(13) to the observed quadrupole intensity δI
(2)
ν (θ, φ) ≡∑2
m′ a
I
2m′(ν)Y2m′(θ, φ).
Note that the leakage of the intrinsic dipole d30 aligned
with βˆ induces the same signal in the line of sight direc-
tion βˆ, as the d60 dipole with dˆ · βˆ = 1/2. However,
in contrast to the case of the monopole, the spatial mor-
phology of the dipole leakage into the quadrupole is not
uniform over the whole sky and depends on dˆ. Fig. 4
shows this difference for two cases of dipoles with the
same parallel component along βˆ but different dˆs. There-
fore, the whole sky map of the leakage component can be
used to lift the degeneracy between the amplitude and
the orientation of the dipoles. The dipole leakage into
the quadrupole adds five independent equations to Eq.
(8) and (10) which, combined together, are more than
enough for simultaneous determination of ~d and ~β.
Discussion. Future generation of microwave experi-
ments are going to make accurate measurements of the
frequency spectrum of the CMB. We presented a frame-
work for accurate spectral modeling of the low multipoles
of the CMB in a moving frame that should be considered
in the future CMB surveys. In particular, we showed how
measuring the spectral distortions in the CMB multipoles
can be used to distinguish between the motion-induced
2 The frequency function of the dipole leakage is different from
Ref. [29] which does not account for the aberration effect.
5275 GHz
������ → ���������� [��]
-��� -��� -�� -�� � �� �� ��� ��� ���
FIG. 4. Mollweide projection of the leakage of an intrinsic
dipole d60 with dˆ · βˆ = 1/2 into the observed quadrupole.
The solid (dashed) black lines are the -40nK (80nK) contour
lines for the leakage of a smaller intrinsic dipole d30 with
a different orientation dˆ = βˆ. Even though the two dipole
leakage components have the same amplitude along the βˆ
direction (black dot), their spatial morphology is different over
the whole sky.
and intrinsic dipole components of the CMB. The main
idea is that our peculiar motion with respect to the CMB
rest frame causes the low multipoles of the CMB to leak
into each other. These leakage components induce dis-
tinct frequency distortions that can be used to determine
both the amplitude and orientation of a possible intrin-
sic dipole in the CMB and separate it from the kinematic
dipole.
The main challenge in the detection of these signals is
likely imposed by foregrounds which however, will be ac-
curately mapped by the next generation of CMB surveys
with a multitude of frequency channels (e.g. PIXIE with
400 channels). PIXIE will be able to detect the leakage
of a 30µK dipole into the monopole and quadrupole at
the peak frequencies (337 GHz and 276 GHz) with ∼ 2.5σ
and 11σ.
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6Appendix A: Definition of the reference frame
It is commonly assumed that the CMB rest frame is the
one in which the whole local dipole moment (as observed
in the CMB temperature) vanishes. However, it is plausi-
ble that primordial physical processes caused the imprint
of a global dipole signature on the CMB. The frame in
which all the dipole is of the latter nature is defined as
the CMB rest frame.
Let us assume that in this frame the intensity in every
direction is represented by a prefect black-body:
Iνcmb(γˆcmb) =
2h
c2
ν3cmb
ehνcmb/kT cmb(γˆcmb) − 1 . (A.1)
Let us also assume that the aTcmb`m multiples are all un-
correlated and Gaussian distributed.
Let us now consider an observer in motion with respect
to the CMB frame. The effects of a boost on the observed
intensity
Iν(γˆ) =
( ν
νcmb
)3
Iνcmb(γˆcmb), (A.2)
can be described via the adoption of an effective temper-
ature
Iν(γˆ) =
2h
c2
ν3
ehν/kT eff(γˆ) − 1 , (A.3)
with
T eff(γˆ) =
√
1− β2
1− ββˆ · γˆ T
cmb(γˆcmb). (A.4)
where T cmb is the temperature of the CMB in its rest
frame. So the effects of the motion can be reinterpreted
as a change in temperature in every direction. Therefore
by looking at the CMB in a single direction one cannot
distinguish between an intrinsic temperature fluctuation
and a motion-induced one. However, the difference be-
tween the two temperatures in equation (A.4) is that the
harmonic multipoles of T eff are correlated to each other
due to the boost, but the multipoles of T cmb are not. By
integrating Eq. (A.4) over Y ∗`′m′(γˆ) one can transform
this equation in harmonic space [3, 30]
aTeff`′m′ =
∑
`,m
K`,m`′m′(~β)aTcmb`m . (A.5)
It has been shown [3, 10, 30, 31] that an observer in
motion with respect to the CMB frame will observe a cor-
relation in the aTeff`m multipoles. These correlations have
been exploited by the Planck team in order to determine
our local peculiar velocity β = v/c with respect to the
CMB [7].
However, this is not the only observational feature of
the motion. In Ref. [2] we show that, due to the aber-
ration and Doppler effects—which link the direction of
motion with specific frequency and direction changes of
the observed photons—the observed intensity multiples
aI`m in a moving frame will have a different frequency de-
pendence and amplitude than the ones observed in the
CMB rest frame. So effectively, despite the fact that the
intensity in every direction is still effectively a black-body
as indicated by Eq.A.3, observing the intensity multiples
at various frequencies offers an alternative way to infer
our peculiar motion with respect to the CMB rest frame,
while also measuring the intrinsic intrinsic dipole. The
present letter focuses on the use of spectral distortions to
disentangle the primordial CMB dipole from the one in-
duced by our motion, by leveraging on the measurements
of low–` intensity multiples at various frequencies.
The following explanatory note is aimed at easing the
reader into the non-intuitive fact that a map which looks
like a black-body in every direction (even when account-
ing for the observer’s peculiar motion with respect to
the CMB rest-frame) may in fact present different fre-
quency dependences in the intensity multiples according
to whether the observer is or is not in the CMB reference
frame.
Appendix B: Intensity multipoles vs. temperature
multipoles: non-linear effects
Let’s first consider how the intensity multipoles con-
nect to the temperature multiples for a sky that can be
described in any direction as a black-body. These trans-
formations would apply no matter which process pro-
duced that particular sky, so they are valid both in the
CMB rest frame and in a different (moving) frame.
By expanding the intensity to second order in temper-
ature, one can easily find the nonlinear contribution of
the temperature multipoles to the intensity monopole as
aI00(ν) = B˜ν(T0)a
T
00 + G˜ν(T0)
∑
`,m
1
2
√
pi
|aT`m|2, (B.1)
where ` > 0, G˜ν(T0) =
1
2T
−1
0 (g(x) − 1)F˜ν(T0) and T0 =
aT00/2
√
pi.
The frequency dependence for intensity multipoles in
the CMB frame, to first order in ∆T , are expected to be
the ones in Eq. 3 of the letter. Corrections at higher
orders in ∆T produce nonlinear effects which are typi-
cally about 10−5 times smaller. Fig.5 shows the nonlin-
ear contribution of an intrinsic dipole in temperature to
the intensity monopole.
For completeness, we also provide the expression for
nonlinear (second order) temperature corrections to the
higher multipoles of intensity (` > 0)
aI`m(ν) = F˜ν(T0)a
T
`m+ (B.2)
G˜ν(T0)
∑
`′,m′
∑
`′′,m′′
aT`′m′a
T
`′′m′′∆`,m(`
′,m′; `′′,m′′),
7where `′, `′′ > 0 and
∆`,m(`
′,m′; `′′,m′′) ≡
∫
Y ∗`m(γˆ)Y`′m′(γˆ)Y`′′m′′(γˆ)d
2γˆ
= (−1)m
√
(2`+ 1)(2`′ + 1)(2`′′ + 1)
4pi
×
(
` `′ `′′
0 0 0
)(
` `′ `′′
−m m′ m′′
)
. (B.3)
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FIG. 5. Nonlinear (second order in temperature expansion)
contribution of a temperature dipole to the observed intensity
monopole (see eq. C.7).
Leveraging on the basic and generally accepted knowl-
edge presented in these first two sections, in what follows
we show the expected frequency dependences of the low-
intensity multiples in a generic frame, in motion with
respect to the CMB.
Appendix C: Understanding the monopole spectral
distortions
As a pedagogical example, let’s consider a CMB sky
that only has an intrinsic temperature monopole and
dipole moments. In this scenario, an observer in the
CMB frame will only see a temperature monopole and
dipole in their sky, but according to Eq. (A.5), an ob-
server in the moving frame will observe a monopole,
dipole, quadrupole and so on. Let’s only focus on the
observed temperature monopole and dipole in the mov-
ing frame. From Eq. (A.5) we find
aTeff00 = (1−
β2
6
)aTcmb00 −
2
√
pi
3
β
∑
m
aTcmb1m Y1m(βˆ)
+O(β2aTcmb1m ). (C.1)
Since the monopole does not get aberrated, the correction
to the monopole term is only due to the Doppler effect,
but the leakage of the dipole is due to both Doppler and
aberration effects. Similarly, for the dipole we find
aTeff1m =
2
√
pi
3
βaTcmb00 Y
∗
1m(βˆ) + a
Tcmb
1m
+O(β2aTcmb1m ), (C.2)
where the leakage of the monopole is again only due to
the Doppler effect.
For the sake of improving intuition, we use aTeff00 =
2
√
piT eff0 , a
Tcmb
00 = 2
√
piT cmb0 , a
Tcmb
1m = (4pi/3)dY
∗
1m(dˆ) and
δT eff(1)(γˆ) =
∑
m a
Teff
1m Y1m(γˆ) to rewrite Eq. (C.1) and
(C.2) as
T eff0 = (1−
β2
6
)T cmb0 −
1
3
βd(dˆ · βˆ) (C.3)
δT eff(1)(γˆ) = (βT
cmb
0 βˆ + ddˆ) · γˆ (C.4)
From Eq. (C.4) it would naively seem that any intrinsic
dipole component d, could be absorbed into the kine-
matic dipole βT cmb0 βˆ. This may lead to the misconcep-
tion that any primordial dipole the CMB may possess is
indistinguishable from the motion-induce dipole. How-
ever, from Eq. (C.3), it is obvious that a boost (leading
to a kinematic dipole) changes the monopole tempera-
ture, but an intrinsic dipole does not—since the temper-
ature monopole and dipole are decoupled in the CMB
rest frame. In other words, in the CMB rest frame the
intrinsic dipole does not have any effect on the monopole
whatsoever. An intrinsic dipole changes the observed
temperature monopole if and only if the observer is mov-
ing with respect to the CMB (β 6= 0).
Nevertheless, the monopole temperature is just one
number, and any change either due to intrinsic or kine-
matic dipole in this number remains degenerate with
the value of the monopole itself. However, as it is ap-
parent from Fig.5, using the intensity multipoles of the
CMB, one can separate the intrinsic monopole T cmb0 (the
black line with a blackbody spectrum), from the motion-
induced spectral distortions (the red and blue lines) to
overcome this degeneracy.
Therefore, let us now turn our attention to the inten-
sity multiples. According to Eq. (B.1), a generic observer
who is in motion with the CMB rest frame and observing
T eff in every line of sight, will see a monopole intensity
equal to
aI00(ν) = B˜ν(T
eff
0 )a
T eff
00 + G˜ν(T
eff
0 )
∑
m
1
2
√
pi
|aT eff1m |2.
(C.5)
Substituting T eff0 , a
T eff
00 and a
T eff
1m from Eqs. (C.1)-(C.3)
8and expanding to second order in β gives
aI00(ν) = B˜ν(T
cmb
0 )a
T cmb
00 (C.6)
+B˜(20)ν (T
cmb
0 )[β
2aT
cmb
00 + 4
√
piβ
∑
m
aT
cmb
1m Y1m(βˆ)]
+G˜ν(T
cmb
0 )
∑
m
1
2
√
pi
|aT cmb1m |2.
where B˜
(20)
ν (T cmb0 ) =
1
6 (g(x) − 3)F˜ν(T cmb0 ). This is pre-
cisely Eq. 10 in the letter, with the addition of the non-
linear contribution of the intrinsic dipole to the observed
intensity monopole. This equation can be simplified as
I(0)ν = B˜ν(T
cmb
0 )T
cmb
0 (C.7)
+B˜(20)ν (T
cmb
0 )[β
2T cmb0 + 2βd(dˆ · βˆ)]
+G˜ν(T
cmb
0 )
d2
3
.
Even though it might not be clear from the simplified ver-
sion, it is worth mentioning that the spectral distortion
B˜
(20)
ν (T cmb0 ) is generated because the boost is changing
the temperature monopole in equation (C.5) as well as
the dipole (compare the expression in brackets with Eq.
(C.3)).
Fig. 5 shows the typical amplitude and frequency de-
pendence of all these terms. From Fig. 5, it is obvious
that since the frequency dependence of the non-linear
contribution of the dipole to the monopole is different
from the motion-induced distortions, one could in prin-
ciple use this component to measure the intrinsic dipole
independently. However, the non-linear contribution of a
dipole smaller than d = 300µK is lower than the sensitiv-
ity of PIXIE and therefore, it cannot be easily detected.
This is why the letter focuses on an alternative strategy
to determine the intrinsic dipole.
The analogous expression for dipole intensity from Eq.
(B.2) reads:
δI(1)ν (γˆ) = F˜ν(T
cmb
0 )(βT
cmb
0 βˆ + ddˆ) · γˆ. (C.8)
Here, since we only have an intrinsic monopole and
dipole, all the Wigner 3j elements in Eq. (B.3) (non-
linear terms) have vanished.
Now, using these general formulas, let’s consider a few
different examples to illustrate the difference between the
intrinsic and kinematic dipole components and their ef-
fect on the intensity monopole and dipole.
a. Pure Kinematic Dipole
The current assumption in the modeling of the CMB
is that the whole dipole is of a kinematic origin, and the
intrinsic part is identically zero; that is d = 0. In this
case the observed temperature monopole and dipole will
be equal to
T eff0 = (1−
β2
6
)T cmb0 (C.9)
δT eff(1)(γˆ) = βT
cmb
0 (βˆ · γˆ), (C.10)
and the observed intensity monopole and dipole will be
I(0)ν = B˜ν(T
cmb
0 )T
cmb
0 + β
2B˜(20)ν (T
cmb
0 )T
cmb
0 (C.11)
δI(1)ν (γˆ) = F˜ν(T
cmb
0 )βT
cmb
0 (βˆ · γˆ). (C.12)
So, if the dipole has a kinematic origin, it will induce a
spectral distortion B˜
(20)
ν (T cmb0 ) in the observed intensity
monopole as well.
b. Pure Intrinsic Dipole
On the other hand, if the dipole is completely intrinsic
(β = 0) then one would have
T eff0 = T
cmb
0 , (C.13)
δT eff(1)(γˆ) = d(dˆ · γˆ), (C.14)
for the temperature monopole and dipole and
I(0)ν = B˜ν(T
cmb
0 ) + G˜ν(T
cmb
0 )
d2
3
, (C.15)
δI(1)ν (γˆ) = F˜ν(T
cmb
0 )d(dˆ · γˆ) (C.16)
for intensity. Comparing these with Eqs. (C.11)
and (C.12), shows that the distortions in the intensity
monopole due to an intrinsic dipole have a completely
different spectral shape than the ones induced by mo-
tion.
c. Equal Parts Intrinsic and Kinematic Dipole
We showed that a pure intrinsic and a pure kinematic
dipole leave different signatures on the observed intensity
monopole. But in reality the observed dipole will be a
combination of these two cases. We show that even if
the intrinsic and kinematic dipole vectors are exactly the
same, it is still possible to disentangle them using the
intensity monopole and dipole.
Let’s assume that the intrinsic and kinematic dipoles
both point in the same direction and contribute equally
to the observed dipole. For illustrative purposes, let’s use
the notation
~˜
β = β˜T cmb0
ˆ˜
β for the amplitude and direction
of the overall dipole and set β = 12 β˜ and d =
1
2 β˜T
cmb
0
9and dˆ = βˆ =
ˆ˜
β. In this case the observed temperature
monopole and dipole will be
T eff0 = (1−
β˜2
8
)T cmb0 , (C.17)
δT eff(1)(γˆ) = β˜T
cmb
0 (
ˆ˜
β · γˆ), (C.18)
and for the intensity we have
I(0)ν =B˜ν(T
cmb
0 )T
cmb
0 +
3
4
β˜2B˜(20)ν (T
cmb
0 )T
cmb
0 (C.19)
+ G˜ν(T
cmb
0 )
1
12
(β˜T cmb0 )
2,
δI(1)ν (γˆ) = F˜ν(T
cmb
0 )β˜T
cmb
0 (
ˆ˜
β · γˆ). (C.20)
Comparing this with the pure kinematic case shows that
the existence of an intrinsic dipole component introduces
an extra spectral distortion proportional to G˜ν(T
cmb
0 ),
but more importantly it changes the amplitude of the
B˜
(20)
ν (T cmb0 ) distortion. In other words, by measuring the
amplitude of the observed overall dipole, we know how
much B˜
(20)
ν (T cmb0 ) spectral distortion we should expect in
the monopole intensity (Eq. (C.11)), and therefore any
deviations from that will be due to an intrinsic dipole
component.
These simple examples show that it is a misconception
to consider that the effect of our motion with respect
to a CMB rest frame is simply to produce a tempera-
ture dipole, indistinguishable from any intrinsic dipole
the CMB may possess.
